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Continuous-wave time-of-flight (C-ToF) cameras are compact, inexpensive
sensors that deliver dense per-pixel depth at video frame rates, making them
well-suited for 3D scene reconstruction. Fitting a volumetric radiance field
to raw C-ToF phasor measurements is ill-posed: many density distributions
along a ray produce the same measured phasor. One unexplored approach
to overcome this is with multiple frequencies, but this too is ill posed. We in-
vestigate how to make this work through multiple steps. First, by reassessing
how density-noise regularizations in prior single-frequency work encourage
meaningful scene depths, with analysis through the spread of density in pha-
sor sums. Second, through reconsidering the Cartesian L2 phasor loss, which
fails to accommodate large amplitude variation in multi-frequency settings.
We replace it with an amplitude-normalized phasor loss that approximates
the log-polar error metric, correctly weighting phase and relative-amplitude
errors across the full measurement dynamic range rather than penalizing
dim and bright returns equally. Third, we extend this approach to multiple
simultaneousmodulation frequencies from two views: the same scene density
drives renderings at every frequency, so the cross-frequency coupling of ren-
dered phasors provides additional constraints that reduce depth ambiguity,
enable principled phase unwrapping, and handle cross-sensor interference
in multi-camera configurations. Our method produces higher-quality 3D
reconstructions than prior C-ToF radiance-field methods, recovering thin
structures and low-reflectance objects that past approaches fail to capture.
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1 Introduction
Continuous-wave time-of-flight (C-ToF) cameras produce dense per-
pixel depth from inexpensive sensors by recovering the phase of
returned light, with per-pixel depth bound to an unambiguous range
𝑐/(2𝑓 ) set by the modulation frequency 𝑓 . Using multiple frequen-
cies lets us extend the range by ‘unwrapping’ the phases in closed
form via a GCD relation [10], and even reconstruct the scene be-
hind translucent materials by modeling multi-path effects [4, 11].
Recently, a separate line of work models C-ToF within a volumetric
neural radiance field [1, 5, 23, 31] based on raw phasor measure-
ments [12]. Lifting samples into 3D with more principled modeling
offers denoising and multi-sensor integration opportunities.
Yet, even with this model, the fitting problem remains ill-posed:

many density distributions along a ray produce the same rendered
phasor, and only some yield a faithful rendered depth. Why do these
methods work at all, and what does multi-frequency change? To
answer this, we analyze the rendered phasor sum on the complex
plane to expose the equivalence class of density distributions that
the typical existing loss admits. We show that an angular coupling
between frequencies reduces spread densities but does not break the
equivalence class. Empirically, we show how a critical density-noise
heuristic helps recover a useful distribution in single- and multi-
frequency cases. Then, we show that the standard Cartesian phasor
loss inadvertently penalizes the same absolute error equally for dim
and bright pixels, and that replacing it with an amplitude-normalized
loss whose iso-loss radius scales with phasor magnitude is critical
when return amplitudes vary widely across the image.

Adding a second simultaneous camera may also help. We derive a
multi-viewmulti-frequency method in which cross-frequency leak-
age between simultaneously-firing emitters from two cameras is sinc
suppressed. Given that, we can exploit the complementary geometric
constraint from two views on the shared 3D field. The multi-view
constraint has been carrying much of the empirical success of prior
single-frequency methods, with density-noise regularization doing
moreof thework in sparse-viewor single-viewcases. Finally,withour
complete analysis across multi-frequency and multi-view settings,
we can capture and optimize to recover 3D scenes beyond the single-
frequency unambiguous range, with no interference, with low noise,
and with fine reconstruction of small features. And, as a side benefit,
we can resolve translucent scenes to measure depths through objects.

Assumptions and Limitations. We restrict ourselves to static scenes
to simplify our analysis. We adopt the standard sinusoidal C-ToF
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idealization and treat sensor demodulation contrast as a single per-
frequency scalar, ignoring per-pixel and amplitude non-linearities.
We do not explicitlymodel reflection, refraction, or scattering. Recon-
struction is iteratively optimized per scene and is not real-time. We
primarily use one lab scene across different capture variants, which
shows the discovered effects in a consistent way.

2 C-ToF Camera Principles
C-ToF cameras measure depth by emitting sinusoidally modulated
illumination at frequency 𝑓 and correlating the returned light against
phase-shifted references [14]. Under a single-return model, in which
one static surface returns light during the four quad exposures, the
light arriving at each pixel is

𝐿𝑟 (𝑡) = 𝐵0 +𝐴 sin(2𝜋 𝑓 𝑡 −𝜓 ), (1)

with a DC bias 𝐵0 (ambient light and sensor offset) plus a sinusoid
of amplitude 𝐴 and round-trip phase 𝜓 = 4𝜋 𝑓 𝑑/𝑐 set by the sur-
face depth 𝑑 . Each quad time-averages 𝐿𝑟 (𝑡) against a phase-shifted
reference at the same frequency,

𝑄𝜙 =
1
T

∫ T

0
2 sin(2𝜋 𝑓 𝑡 − 𝜙) 𝐿𝑟 (𝑡) d𝑡, (2)

with exposure time T and offsets 𝜙 ∈ {0, 𝜋2 , 𝜋,
3𝜋
2 }; the factor of two

normalizes the reference so that the recovered amplitude matches
𝐴 in Equation (1). After product-to-sum reduction, the oscillating
components in the integrand average to zero for T ≫ 1/𝑓 , leaving
the constant

𝑄𝜙 = 𝐴 cos(𝜓 − 𝜙) . (3)
Three offsets suffice in principle to recover the three unknowns
(𝐴,𝜓, 𝐵0); using four equispaced offsets cancels 𝐵0 algebraically
through opposite-phase differences,

𝑄0 −𝑄𝜋 = 2𝐴 cos𝜓, 𝑄 3𝜋
2
−𝑄 𝜋

2
= 2𝐴 sin𝜓, (4)

giving phase by four-quadrant arctangent

𝜓 = atan2
(
𝑄 3𝜋

2
−𝑄 𝜋

2
, 𝑄0 −𝑄𝜋

)
(5)

and amplitude as the magnitude of the bias-canceled signal,

𝐴 = 1
2

√︃
(𝑄0 −𝑄𝜋 )2 + (𝑄 3𝜋

2
−𝑄 𝜋

2
)2 . (6)

Equivalently, the four quads define a complex phasor

𝑝 = 1
2
[
(𝑄0−𝑄𝜋 ) − 𝑗 (𝑄 𝜋

2
−𝑄 3𝜋

2
)
]
= 𝐴𝑒 𝑗𝜓 , (7)

whose magnitude is the returned amplitude and whose argument𝜓
encodes the round-trip light travel time, converting to depth as

𝑑 =
𝑐

4𝜋 𝑓
𝜓, (8)

with 𝑐 the speed of light. Because 𝜓 ∈ [0, 2𝜋) is periodic, a single
frequency recovers depth only within the unambiguous range

𝑑max =
𝑐

2𝑓
. (9)

A second sensor non-ideality is the demodulation contrast 𝜂 (𝑓 ) ∈
(0, 1], an efficiency factor that attenuates the reported amplitude
relative to the ideal correlator output and decreases with 𝑓 across the
usable band.We treat it as a per-frequency scalar gain on𝐴, calibrated
or estimated as a ratio across frequencies from themedian amplitude.

Multi-frequency capture extends theunambiguous range. Capturing
at multiple modulation frequencies {𝑓𝑘 } and combining the wrapped
phases𝜓𝑘 recovers depth from the unwrapped phase Ψ as

𝑑 =
𝑐

4𝜋 GCD(𝑓1, . . . , 𝑓𝐾 )
Ψ, (10)

where GCD is the greatest common divisor of the chosen frequencies
[10]. A small GCD yields a long unambiguous range; for example,
𝑓1=20 MHz and 𝑓2=30 MHz (GCD=10 MHz) extend𝑑max from 7.5m
to 15m, with the practical limit set by the 1/𝑑2 signal falloff.

Residual failure modes. Even with multi-frequency capture, the
single-returnmodel still fails in low light, at high noise, or whenmul-
tiple paths or semi-transparent layers contribute to one pixel [4, 11].
These failures motivate a physically-based forward model fit directly
to the raw C-ToF measurements; as later sections show, achieving
this is harder than the additional multi-frequency constraints might
suggest.

3 Analyzing ToF Radiance Fields
ToF radiance fields optimize a volumetric scene representation di-
rectly against raw C-ToF measurements rather than against camera-
derived depth maps. Prior work has shown that this is feasible even
from a single fixed camera, despite the image-formationmodel being
ill-posed. We ask why (and when) it works, and connect the mech-
anism we identify to the multi-frequency and multi-view settings
analyzed in the following sections.

3.1 Forward model
Consider a camera ray from camera center x in direction 𝝎𝑜 , with
samples x𝑠 = x + 𝑠𝝎𝑜 . A ToF radiance field represents density 𝜎 (x𝑠 )
and returned active-light amplitude 𝐿𝑎 (x𝑠 ,𝝎𝑜 ) from light that trav-
els from the source to the scene and back. Assuming the emitter
is collocated with the sensor, each sample is weighted by squared
transmittance and inverse-square falloff. For modulation frequency
𝑓 , the rendered phasor is

𝑝 𝑓 (x,𝝎𝑜 ) =
∫ 𝑠𝑓

𝑠𝑛

𝑇 (x, x𝑠 )2

𝑑2
𝑠

𝜎 (x𝑠 )𝐿𝑎 (x𝑠 ,𝝎𝑜 ) exp
(
𝑗
4𝜋 𝑓 𝑑𝑠
𝑐

)
d𝑠,

(11)
where 𝑑𝑠 = ∥x − x𝑠 ∥,𝑇 is transmittance, 𝜎 is volume density, and 𝑐
is the speed of light.

Equivalently, one can render the four raw C-ToF quads with phase
offsets 𝜙 ∈ {0, 𝜋2 ,𝜋,

3𝜋
2 }:

𝑄𝜙 (𝑑𝑠 , 𝑓 ) = cos
(

4𝜋 𝑓 𝑑𝑠
𝑐

− 𝜙
)
. (12)

The corresponding rendered quad is

𝑞𝜙,𝑓 (x,𝝎𝑜 ) =
∫ 𝑠𝑓

𝑠𝑛

𝑇 (x, x𝑠 )2

𝑑2
𝑠

𝜎 (x𝑠 )𝐿𝑎 (x𝑠 ,𝝎𝑜 )𝑄𝜙 (𝑑𝑠 , 𝑓 )d𝑠 . (13)

For a static scene over the four quad exposures, the quads contain
the same phase and amplitude information as the corresponding
phasor (Equations (5) and (6)); rendering raw quads at different times
provides opportunities to handle dynamic scenes [23, 31].
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𝑠 = 0.0 𝑠 = 0.3 𝑠 = 1.0 [1] 𝑠 = 1.5 𝑠 = 2.5 (Ours) 𝑠 = 3.5

Fig. 1. Density noise drives geometry recovery. Two-frequency single-view ToF radiance field reconstruction (42/55MHz) for density noise standard
deviations 𝑠 ∈ {0.0, 0.3, 1.0, 1.5, 2.5, 3.5} (left to right). Top row: rendered mean depth. Bottom row: rendered amplitude. Even with two frequencies, geometry
only emerges at 𝑠 ≥ 2.5; the rendered amplitudes (bottom row) show that phasor reconstruction is accurate in every case, so density noise selects within a
phasor-equivalent family. 50,000 iterations, learning rate 10−4.

A standard supervision loss can be written either in phasor form
or in raw quad form,

Lp =
∑︁
rays



𝑝 𝑓 − 𝑝 𝑓 

2
2 , Lq =

∑︁
rays

∑︁
𝜙



𝑞𝜙,𝑓 − 𝑞𝜙,𝑓 

2
2 , (14)

whichwe revisit in Section3.3.Optimizationdynamics differ between
the two formulations, but the choice is independent of the scene rep-
resentation. Together with these losses, Equations (11) and (13) let
us optimize a radiance field directly against the raw C-ToF measure-
ments, bypassing the camera’s depth pipeline and the failure modes
that affect it (Section 2). However, this does not imply that the recov-
ered radiance field describes the scene geometry we want. For the
analysis that explains why, we use phasor notation; the adaptation
to raw quads follows naturally.

3.2 Phasor-fitting view and depth ambiguity
The forward model in Equation (11) can be written as a sum of per-
sample phasors along each ray, each with its own phase 𝜃𝑖 (the per-
sample analogue of the camera-side phase𝜓 in Equation (5)):

𝑝 𝑓 =
∑︁
𝑖

𝑤𝑖 exp
(
𝑗
4𝜋 𝑓 𝑑𝑖
𝑐

)
=

∑︁
𝑖

𝑤𝑖 𝑒
𝑗𝜃𝑖 , (15)

where 𝑑𝑖 is the sample depth and𝑤𝑖 ≥ 0 collects per-sample opacity,
returned active-light amplitude, transmittance, and falloff.
Equation (15) lets us see that the loss admits an equivalence class

of density distributions, only some ofwhich are useful. A true surface
could be represented by a concentrated density at a single depth or a
spread density through constructive and destructive phasor addition;
only the concentrated density produces an accurate mean depth [23].
Figure 2 shows members of this class for the same target, each of
which achieves high-quality phasor reconstruction, and the supple-
mentary document derives how rendered mean depth diverges from
the true depth as the spread increases. Yet, even in the single-view
setting, TöRF often finds good solutions despite the ill-posedness.

Whyhighdensitynoise favors concentrated solutions. Theoptimizer
needs a bias to select preferred (concentrated)members of the equiva-
lence class. ForMLPbackbones, TöRF inheritsNeRF’s noise-injection
regularization [1, 27]: at each sample 𝑖 , the raw density predicted by
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Fig. 2. Phasor fitting acrossmethods. For a representative ray, the black
arrow is the target phasor, the colored chained arrows are per-sample phasor
contributions, and the faint arrow is their sum. Insets show the per-sample
weight distribution along depth. Many distributions of contributions sum
to the same target, but only weights concentrated at the correct depth
yield meaningful geometry. Our method concentrates sharply at the correct
depth; TöRF [1] sharpens only partially, and TöRF without density noise
stays diffuse; GF-TöRF [23] concentrates by aligning phasor angles but fails
beyond the unambiguous range, where these angles become ambiguous.

the network, 𝜎raw
𝑖 , is perturbed by additive Gaussian noise before the

ReLU that enforces non-negativity,

𝜎𝑖 = max
(
0, 𝜎raw

𝑖 + 𝜖𝑖
)
, 𝜖𝑖 ∼ N(0, 𝑠2), (16)

with 𝜖𝑖 independent across training samples. The noise is empirically
essential: removing it preserves a faithful raw-phasor fit but produces
poor rendered mean depth (Figure 1).
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With larger 𝑠 , the noise more often makes 𝜎raw + 𝜖 positive. The
ReLU keeps it, so even samples where the network outputs zero or
negative still receive some density on average. At 𝜎raw

𝑖 =0, E[𝜎𝑖 ] =
𝑠/
√

2𝜋 , which is ≈ 1.2 at 𝑠 = 3 and ≈ 2.0 at 𝑠 = 5. These densi-
ties accumulate in the cumulative round-trip transmittance 𝑇 2

𝑖 =

exp
(
−2

∑
𝑘<𝑖 𝜎𝑘𝛿𝑘

)
, so 𝑇 2 decays to near zero within a small front

window of samples regardless of any phasor loss contribution.
The rendered phasor is then determined almost entirely by that

first-hit window, with phase set by the window’s depth. To match
the captured phasor, the optimizer decreases 𝜎raw to be confidently
negative at every depthwhere the surface should not be, deep enough
that Pr

(
𝜎raw
𝑖 + 𝜖𝑖 > 0

)
stays small. As 𝑠 increases (Figure 1), the noise

lets the surface form density closer to the camera than at 𝑠=0. Past
𝑠≈3, there is little improvement.

This destabilization acts positionally: front samples are suppressed
first, exposing deeper samples to the same pressure, and the result-
ing ‘front-to-back sweep’ settles wherever the phasor loss is locally
minimized. In the single-camera setting without multi-view cues, for
scenes with mostly empty space and opaque surfaces, this is a use-
ful mechanism. Depth-distortion regularizers (Mip-NeRF 360 style)
added to the phasor loss do not induce this sweep: they penalize
spread weight distributions and so produce a more peaked𝑤 (𝑡) for
any phasor-fit minimum, but the peak forms wherever the optimizer
was already settling; distortion regularizes the shape of the solution,
not its position along the ray.

Geometric reading: coherence. We can read the mechanism on the
phasor circle (Figure 2). Each ray sample 𝑖 contributes an arrow𝑤𝑖𝑒 𝑗𝜃𝑖
with direction 𝜃𝑖 = 4𝜋 𝑓 𝑑𝑖/𝑐 set by the sample’s depth and length
𝑤𝑖 =𝑇

2
𝑖 𝛼𝑖𝐿𝑎/𝑑2

𝑖 set by its weight. Summed tip-to-tail, these arrows
trace an arc on the complex plane whose endpoint is the rendered
phasor 𝑝 𝑓 (Equation (15)). The arc’s magnitude is |𝑝 𝑓 | = C∑

𝑖 𝑤𝑖 ,
where the coherence

C ≡
��∑

𝑖 𝑤𝑖𝑒
𝑗𝜃𝑖

��∑
𝑖 𝑤𝑖

∈ [0, 1] (17)

measures arrow alignment: C = 1 for arrows pointing one way,
C → 0 for arrows that fan out and partially cancel.
Optimization walks 𝑝 𝑓 toward the captured 𝑝 𝑓 through arc re-

shapes. Without noise, the arc represents a low-coherence member
of the spread/concentrated equivalence class: many arrows of mod-
erate length spanning a wide range of 𝜃𝑖 , the arc curving through the
disk on its way to 𝑝 𝑓 . Density noise reshapes this through the front-
𝑇 2 mechanism: front samples are suppressed to 𝜎 ≈ 0, density peaks
near the surface, and behind it𝑇 2 has decayed so𝜎 no longer matters.
Tip-to-tail, the arrows are tiny at the front, lurch in one direction at
the surface, and tiny again after: a near-straight, high-coherence arc.

3.3 Amplitude-normalized phasor loss
Density noise reshapes the optimization dynamics to prefer sparse
density distributions; next, we consider the objective term itself. The
Cartesian L2 lossesLp andLq defined above treat all phasor errors
equally on the complex plane, which ismisalignedwithwhat we care
about in a phasor measurement: what matters is the phase and rel-
ative amplitude, not the absolute Cartesian distance from the target.

Re

Im

*
1

*
2

1

21

2

Fig. 3. Geometric motivation for the amplitude-normalized phasor
loss. Two ground-truth phasors share a direction but differ in amplitude:
®𝜙 ∗

1 (dim pixel) and ®𝜙 ∗
2 (bright pixel). The predictions ®̂

𝜙1 and
®̂
𝜙2 sit at the

same Cartesian distance 𝜀 from their targets, so an 𝐿2 loss treats them as

equally bad; yet the angular errors differ sharply,Δ𝜙1 ≫Δ𝜙2. Dividing by | ®̂𝜙 |
(Equation (23)) penalizes errors in proportion to 1/| ®̂𝜙 | , which is large for dim
phasors where the same Cartesian error implies a much larger phase error.

(a) C-ToF amplitude image (b) Optimized w/ L2 (c) Optimized w/ our loss

Fig. 4. Amplitude-normalized phasor loss improves quality across
the dynamic range. C-ToF amplitudes vary widely across the scene,
especially with multiple frequencies. A standard 𝐿2 loss fits high-amplitude
regions well but fails to recover depth in low-amplitude regions; our
amplitude-normalized loss recovers both bright and dark regions.

We denote the predicted and captured phasors by

p̂ = (𝑥,𝑦), p = (𝑥,𝑦), (18)

where 𝑥 and𝑦 correspond to the cosine and sine components, respec-
tively. The standard Cartesian loss

∥p̂ − p∥2
2 = (𝑥 − 𝑥)2 + (𝑦 − 𝑦)2 (19)

treats the same absolute Cartesian error equally everywhere in the
complex plane. Figure 3 illustrates the issue: predictions at the same
Cartesian distance 𝜀 from a dim and a bright ground-truth phasor
have identical𝐿2 losses, yet the dimpixel’s phase errorΔ𝜙 is far larger
than the bright pixel’s, because the same Cartesian error produces
a larger angular error when the phasor magnitude is small. More
generally, for a small-magnitude phasor, the same Cartesian pertur-
bation induces a larger phase error and a larger relative amplitude
error than for a large-magnitude phasor.

We instead view each phasor in polar form,

𝑟 =
√︁
𝑥2 + 𝑦2, 𝜙 = atan2(𝑦, 𝑥), (20)
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and consider the more meaningful error variables

Δ log 𝑟 = log 𝑟 − log 𝑟, Δ𝜙 = 𝜙 − 𝜙. (21)

The first measures relative amplitude error; the second measures
phase error. In the spirit of RawNeRF’s weighted loss [26], we lin-
earize the transformed error around the prediction. For small pertur-
bations, the log-polar error is locally approximated by

(Δ log 𝑟 )2 + (Δ𝜙)2 ≈ (𝑥 − 𝑥)2 + (𝑦 − 𝑦)2

𝑟 2 . (22)

This shows that the sameabsoluteCartesianerror shouldbepenalized
more strongly for low-amplitude phasors than for high-amplitude
ones. The full derivation is given in the supplementary document.
From this insight, we define the amplitude-normalized loss

Lphasor =
(𝑥 − 𝑥)2 + (𝑦 − 𝑦)2

sg(𝑥2 + 𝑦2) + 𝜖 , (23)

where sg(·) denotes stop-gradient and 𝜖 is a small constant for nu-
merical stability. Without sg(·), the gradient would divide by the
square of the predicted amplitude, potentially destabilizing training.
Geometrically, Equation (23) preserves circular iso-loss contours in
Cartesianphasor space but scales their radiuswith phasormagnitude:
large-magnitude phasors are allowed proportionally larger absolute
Cartesian errors, whereas small-magnitude phasors are fitted more
strictly. Although this weighting is only a local approximation to the
exact log-polar error, it matches the desired behavior in the regime
relevant for optimization and is simple and stable in practice.

3.4 Demonstration: Improved Dark Regions
In Figure 4, we compare the amplitude-normalized lossLphasor with
𝜖 = 0.01 (Equation (23)) to the unweighted Cartesian L2 (Equa-
tion (19)), and optimize with Adamwith learning rate 3×10−4, batch
size 1024, for 50,000 iterations. This loss provides a significant im-
provement to the reconstruction of both bright and dark areas of the
scene.

4 Multi-frequency ToF Radiance Fields
We now extend the radiance-field forward model to multi-frequency
capture, one frequency at a time, and analyze what the additional
measurements offer for the optimization.

4.1 Multi-frequency forward model
The single-frequency rendered phasor of Equation (11) extends to
multiple frequencies by recognizing that the same scene density
𝜎 (x) and returned active-light amplitude 𝐿𝑎 (x,𝝎𝑜 ) feed into the
renderings at every captured modulation frequency. The frequency-
dependent factors are the phasor exponent exp( 𝑗 4𝜋 𝑓 𝑑𝑠/𝑐) and the
sensor’s demodulation contrast 𝜂 (𝑓 ) ∈ (0, 1] from Section 2, which
acts as a multiplicative gain on the rendered amplitude:

𝑝 𝑓 (x,𝝎𝑜 ) = 𝜂 (𝑓 )
∫ 𝑠𝑓

𝑠𝑛

𝑇 (x, x𝑠 )2

𝑑2
𝑠

𝜎 (x𝑠 ) 𝐿𝑎 (x𝑠 ,𝝎𝑜 ) exp
(
𝑗
4𝜋 𝑓 𝑑𝑠
𝑐

)
d𝑠 .

(24)
The shared 𝜎 and 𝐿𝑎 across frequencies couple the renderings at
𝑓1, 𝑓2, . . . into a joint constraint on the scene parameters.
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(b) Phasor MAE vs. modulation frequency at 𝑠 = 0 and 𝑠 = 3.

Fig. 5. Density noise remains essential across frequency counts. (a)
Even at 50 frequencies, 𝑠=0.3 yields fluffy reconstructions: multi-frequency
angular coupling alone does not break the equivalence class (lr = 3×10−4,
50,000 iterations). (b) Phasor MAE stays low across all frequencies at both
𝑠=0 and 𝑠=3; the mild rise toward high 𝑓 reflects decreasing SNR against
our denoised phasor reconstructions rather than fit failure. The geometric
failures in (a) are therefore variations within the equivalence class.

4.2 Does multi-frequency reduce phasor-fitting ambiguity?
In principle, a second modulation frequency constrains the spread of
the phasor sum (Section 3.2). The mechanism is an angular coupling
between the two rendered phasor sums that makes spread solutions
more expensive. However, it does not break the equivalence class,
and density noise remains necessary; multi-frequency only reduces
how aggressive the noise must be.

Angular coupling. For a single density {𝑤𝑖 , 𝑑𝑖 } along a ray, each
per-sample arrow’s phase at frequency 𝑓𝑘 is 𝜃

(𝑘 )
𝑖

= (4𝜋 𝑓𝑘/𝑐) 𝑑𝑖 . With
𝑟 = 𝑓2/𝑓1, the two phases for the same sample are linked by

𝜃
(2)
𝑖

= 𝑟 𝜃
(1)
𝑖
, (25)

a single parameter-freemap.Decomposing eachphase into a centroid
𝜃 plus an offset, 𝜃 (1)

𝑖
= 𝜃 (1) + 𝛿𝑖 , gives 𝜃 (2)𝑖

= 𝑟𝜃 (1) + 𝑟𝛿𝑖 : viewed as
a localized object on the complex plane, the phasor sum arc rotates
(centroid shifts by (𝑟 − 1)𝜃 (1) ) and stretches (offsets scale by 𝑟 ). The
optimizer never unwraps explicitly: 𝑒 𝑗𝑟𝜃

(1)
𝑖 is well-defined for any 𝑟

and the phasor loss is computed in the complex plane.

Why the equivalence class shrinks but remains. Two phasor mea-
surements give four real constraints per ray, while a per-ray density
distribution represented at 𝑁 MLP samples carries 𝑁 real weights
as free parameters. The cross-frequency consistency in Equation (25)
makes spread solutions more expensive than at a single frequency,
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C-ToF amplitude Ours, layer 1 Matrix pencil, layer 1

C-ToF depth Ours, layer 2 Matrix pencil, layer 2

Fig. 6. Multi-frequency separates semi-transparent layers. Plastic box
reconstruction from raw phasors at 20–70MHz. First column: tonemapped
C-ToF amplitude (top) and C-ToF depth at 20MHz (bottom). Second and
third columns: first (top) and second (bottom) depth layers from our ToF
radiance field and from the pixelwise matrix-pencil baseline [11]; black
indicates no valid second layer. Our scene-level optimization separates
the box surface from the plant inside and yields cleaner layer estimates.
Both methods produce a spurious second layer on the far wall, likely from
multipath at the ceiling corner.

but for typical 𝑁 ≫ 4 the optimizer can easily find spread solutions
whose weights are tuned to match both target measurements simul-
taneously (Figure 5). Even where the count appears favorable, such
as when 50 frequencies give 100 constraints, exceeding the 𝑁 = 64
samples typical for volume reconstructions, those constraints are
coupled deterministically through Equation (25), and they bind the
per-sample weights𝑤𝑖 , not the density 𝜎 that the optimizer controls.
Since𝑤𝑖 =𝑇 2

𝑖 𝛼𝑖𝐿𝑎/𝑑2
𝑖 depends nonlinearly on 𝜎 through the cumu-

lative𝑇 2 chain and shares scale with the per-sample amplitude 𝐿𝑎 ,
a spread 𝜎 can produce the same𝑤𝑖 as a concentrated one by trading
𝑇 2 falloff against𝐿𝑎 gain. Density-noise regularization again supplies
the incentive that selects among these solutions.

4.3 Demonstration: Multi-layer Reconstruction
When a single pixel integrates returns frommultiple depths (as hap-
pens at translucent surfaces, edges of objects, or interfaces), the
spread/concentrated phasor-fitting ambiguity becomes physical: the
correct density distribution ismulti-modal. Multi-frequency angular
coupling constrains the recovery of the modes’ depths and weights,
since a sparse mixture of returns produces a multi-frequency phasor
signature distinct from any single-depth solution. We show this by
estimating depth behind a translucent blue acrylic sheet froma single
view (Figure 8), and by reconstructing a plant within a translucent
box (Figure 6). In comparison to pastworks that use a per-pixelmatrix
pencil approach [11], our reconstruction is less noisy.

5 Multi-viewMulti-frequency ToF Radiance Fields
In themulti-viewmulti-frequency capture this paper targets,𝐾 C-ToF
cameras simultaneously observe the same scene from 𝐾 different
poses, each operating at its ownmodulation frequency 𝑓𝑘 . The single-
camera multi-frequency setting of Section 4 captured one frequency
at a time. Here, all 𝐾 frequencies are present in the scene at once:
every camera both emits and receives, so each sensor’s optical return
contains not just its own active illumination at 𝑓𝑘 but also light from

every other emitter at 𝑓𝑗 ≠ 𝑓𝑘 . This raises a new physical concern
absent in the single-camera case: whether sensor 𝑘 can still recover
a clean phasor at 𝑓𝑘 from a return that nowmixes𝐾 frequencies.

Cross-frequency independence resolves the interference. The single-
return model of Section 2 (Equation (1)) extends to the multi-view
setting by adding leakage components fromevery other emitter 𝑗 ≠ 𝑘
to sensor 𝑘’s returned light:

𝐿𝑟 (𝑡) = 𝐵0 +𝐴 sin(2𝜋 𝑓𝑘𝑡 −𝜓 ) +
∑︁
𝑗≠𝑘

𝐴 𝑗 sin
(
2𝜋 𝑓𝑗 𝑡 −𝜓 𝑗

)
. (26)

Substituting into the on-chip cross-correlation (Equation (2), with
reference frequency 𝑓𝑘 ) and applying the sameproduct-to-sum reduc-
tion, we find that the desired-return term collapses to𝐴 cos(𝜓 − 𝜙)
as in Equation (3), while each leakage term picks up an additional
integration factor that depends on the difference frequency:

𝑄𝜙 = 𝐴 cos(𝜓 − 𝜙)︸          ︷︷          ︸
desired return

+
∑︁
𝑗≠𝑘

𝐴 𝑗 sinc
(
𝜋 (𝑓𝑘 − 𝑓𝑗 )T

)
cos

(
𝜓 𝑗 − 𝜙

)
︸                                           ︷︷                                           ︸

cross-frequency leakage

.

(27)

Each leakage term is gated by

sinc
(
𝜋 (𝑓𝑘 − 𝑓𝑗 )T

)
, (28)

which is unity at 𝑓𝑗 = 𝑓𝑘 and decays with the difference frequency.
With sensor frequencies separated by a few MHz and integration
timesT ≳ 1ms, theargument isontheorderof103–104, so |sinc(𝜋 (𝑓𝑘−
𝑓𝑗 )T )| ≲ 3 × 10−4. This sits two orders of magnitude below the
OPT8241’s design-target per-pixel noise floor of ∼ 4×10−2 [34], so
we can model each sensor’s phasor measurement as independent of
every other sensor’s emission.

Multi-viewmulti-frequency forward model. The cross-frequency
independence above is a statement about the captured measurement:
𝑝 𝑓𝑘 ,𝑘 at sensor 𝑘 depends only on its own emitted light, even though
the scene is bathed in𝐾 frequencies at once.We can therefore predict
each sensor’s phasor as if it were a single-emitter capture at its own
𝑓𝑘 , and the multi-viewmulti-frequency forward model is the single-
camera multi-frequency forward model of Equation (24) applied per
sensor with its own pose and frequency:

𝑝 𝑓𝑘 ,𝑘 (x𝑘 ,𝝎𝑘 ) = 𝜂 (𝑓𝑘 )
∫ 𝑠𝑓

𝑠𝑛

𝑇 (x𝑘 , x𝑠 )2

𝑑2
𝑠

𝜎 (x𝑠 ) 𝐿𝑎 (x𝑠 ,𝝎𝑘 ) exp
(
𝑗
4𝜋 𝑓𝑘𝑑𝑠
𝑐

)
d𝑠,

(29)
for sensor 𝑘 at pose (x𝑘 ,𝝎𝑘 ) at modulation frequency 𝑓𝑘 . The shared
scene density 𝜎 (x) and amplitude 𝐿𝑎 (x, ·) across sensors are what
couple the per-sensor measurements into a joint constraint. The
supervision loss extends the amplitude-normalized phasor loss of
Equation (23) by summing across rays and sensors:

Lmulti =

𝐾∑︁
𝑘=1

∑︁
rays of sensor 𝑘

Lphasor
(
𝑝 𝑓𝑘 ,𝑘 , 𝑝 𝑓𝑘 ,𝑘

)
. (30)

Whatmulti-viewadds to the equivalence class. Ontopof theangular
coupling of Section 4.2, multi-view adds a complementary geometric
constraint. Every 3Dpoint x along a ray of sensor𝑘 is also intersected
by rays from other sensors that observe the same scene volume, and
the density 𝜎 (x) at that point must simultaneously satisfy all those
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rays’ phasor measurements across varying frequencies. The opti-
mizer fits one (𝜎, 𝐿𝑎) field against𝐾×𝐻×𝑊 phasor measurements,
each constrained by its own per-ray angular coupling and by cross-
view geometric consistency. The two effects are complementary:
angular coupling tightens the solution space for each individual ray
(Section 4.2), and cross-view consistency tightens the solution space
for the shared 3D field. Density-noise regularization (Section 3.2) is
still necessary, but carries less of the burden.

5.1 Demonstration: Scene Unwrapping
With twoC-ToF cameras, we test themulti-viewmulti-frequency for-
wardmodel ona scenewhose truedepthexceeds the single-frequency
unambiguous range 𝑐/(2𝑓 ) of any individual modulation frequency.
Figure 7 shows that this approach can generate highly detailed scene
reconstructions with low noise, thin features, and extended depth
range even though the input raw phasors are highly noisy. Ana-
lytic depth unwrapping is unable to handle this case because each
frequency is emitted from and returned to a different viewpoint.

6 Discussion
Multi-view as the real constraint, and what this enables. A theme

of our analysis is that the per-ray mechanisms of density noise (Sec-
tion 3.2) and multi-frequency angular coupling (Section 4.2) shrink
the equivalence class but do not break it; consistent with RGB-only
imaging, cross-view geometric consistency on the shared 3D field
(Section 5) is where most of the depth-recovery burden actually sits.
Prior C-ToF radiance-field methods [1, 5] sourced this multi-view di-
versity fromsmall-baselinehandheldmotionofasingleC-ToFcamera,
which aids triangulation but limits scene scale. Beyondmulti-camera
C-ToF depth fusion [19], wide-baseline simultaneous multi-camera
multi-frequency C-ToF volume integration opens the door to de-
tailed dynamic reconstructions because it is effectively ‘single-shot’
multi-frequency, e.g., for large heterogeneous sensor setups.

Reconstruction through translucent media. The front-𝑇 2 mecha-
nism extends to multi-layer scenes: residual transmittance past a
partially transmissive surface lets the optimizer place other concen-
trated peaks where phasor content remains unexplained, while den-
sity noise suppresses spread between the layers and multi-frequency
angular coupling (Section 4.2) penalizes this two-peak configura-
tion relative to a centroid-equivalent spread. Therefore, the same
model and loss recover opaque and translucent scenes without a
separate multi-layer solver, in contrast to per-pixel spectral esti-
mation using matrix-pencil deconvolution [11], which is neither
3D-consistent across views nor does it directly produce a shared 3D
scene representation. Future work could examine how this extends
to 𝑁 -layer reconstruction under more realistic sensor models, and
whether single-shot multi-camera captures (Section 5) could provide
the requiredmulti-frequency constraints to quickly and better image
through translucent media.

Gaussian representations. Our explanation for why density noise
favors concentrated solutions is specific toMLP-basedvolumerender-
ing. In this setting,noise is added to the rawdensityoutput𝜎raw before
the ReLU nonlinearity (Section 3.2), which creates the front-𝑇 2 effect
described above. Although the same phasor ambiguity still exists in

3DGaussian splatting [18, 23], the rightmechanism that chooses one
solution over another might be different, e.g., heuristic optimization
dynamics [23], opacity-noise injection, or Gaussian dropout [7].

7 RelatedWork
Scene Reconstruction from RGB Images. Reconstructing 3D scenes
from RGB images is a long-studied problem in computer vision and
graphics. Neural radiance fields [27] set a newbar for novel-view syn-
thesis quality, with follow-ups such as Mip-NeRF [2] and Zip-NeRF
[3] addressing unbounded scenes and aliasing. 3D Gaussian Splat-
ting [18] closed the gap on real-time rendering. Other extensions
improve surface reconstruction [13, 15] or capture view-dependent
and reflective effects [35, 36, 39]. RGB-only approaches relyonhaving
many input images (typically dozens to hundreds) to recover a high-
quality scene; with only a handful of views, optimization becomes
severely under-constrained [7]. Sparse-viewmethods address this by
injecting external priors: sparse depth from structure-from-motion
[9], monocular depth estimates [22, 32, 42], learned two-view stereo
correspondences [8], or generative regularization on unobserved
views [29]. More recently, feedforward methods [6, 16, 37, 38, 41]
have collapsed per-scene optimization into a single inference pass,
reducing reconstruction time by orders of magnitude.

Scene Reconstruction with Active Illumination.Active illumination
provides a strong geometric cue for single- or few-view reconstruc-
tion. Consumer flash can be used; for instance, Flash-Splat [40] ex-
ploits flash/no-flash cues within a Gaussian-splatting pipeline to
remove unwanted reflections. Structured-light methods take a dif-
ferent approach: Mirdehghan et al. [28], Shandilya et al. [33] fit a
neural field directly to raw structured-light images and decompose
the result into direct, indirect, and ambient components. Two-bounce
flash-lidar from a single view can recover otherwise-occluded geom-
etry [20, 21]. Malik et al. [24] extend time-resolved neural radiance
caching to flash-lidar captures, recovering geometry even under
strong indirect illumination. SPADs push these representations into
the photon-counting regime: Jungerman et al. [17] fit a NeRF directly
to binary SPAD streams, and Nousias et al. [30] passively recover
depth and laser localization from incidental scattering of out-of-view
pulsed lasers.More directly tied to time-resolved imaging,Malik et al.
[25] reconstruct radiance fields from picosecond-resolved single-
photon lidar transients, matching the full pulse waveform rather
than only the recovered depth.

Scene Reconstruction with C-ToF Cameras. C-ToF cameras are inex-
pensive, widely deployed in consumer devices (smartphones, Kinect
Azure), and produce dense per-pixel depth at video frame rate. Two
persistent challenges complicate this recovery: phase wrapping,
where each phase is recovered only modulo 2𝜋 and caps the un-
ambiguous depth range; and multi-path interference, where a single
pixel integrates returns from several scene paths and biases the recov-
ered depth, particularly at corners and on translucent surfaces [12].
Multi-frequency methods address both: combining wrapped phases
at several modulation frequencies resolves the depth ambiguity [10],
and exploiting the frequency-dependent signature of multi-path re-
turns enables joint recovery of a sparsemixture of returns [4, 11]. For
neural and related methods, TöRF [1] first optimized a NeRF directly
against the phasor measurements of a C-ToF camera for dynamic
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scenes. Chang et al. [5] replace the volumetric NeRF backbone with
an SDF,model theC-ToF camera’s active IR illumination via a learned
neural lighting function, and introduce a wrapping-aware loss to
resolve phase ambiguity. Later works apply to fast-moving scenes by
jointly solving for scene flow and radiance from raw quad captures
[31], and adapt the approach to 3DGaussian splats for efficiency [23].
Our work analyzes the assumptions underlying this line of work and
extends them to multi-frequency phasors.
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Fig. 7. Multi-view scene unwrapping.We fit a ToF radiance field from two C-ToF cameras modulated at 42 and 55MHz, in three configurations (rows):
a single shared camera, a narrow 10 cm baseline, and a wide 80 cm baseline. Columns 1–2 show the wrapped C-ToF depths at each input frequency; column
3 shows the analytic unwrap (only meaningful for the single-camera case); columns 4–6 show our recovered depths at the input and novel views. Despite
noisy, wrapped inputs, our method recovers consistent geometry across frequencies, viewpoints, and baselines.

C-ToF depths
Our (4 frequencies) rendered depth

Depth (m)

Weight distributionScene setup Novel view depths

TöRF (1 frequency) rendered depth
Depth (m)

Film

Mannequin’s leg

Film

Curtain

Film only

Film only

C-ToF camera

Occluded 

mannequin’s leg

Fig. 8. Single-view semi-transparent reconstruction from four-frequency rawC-ToF phasors. A blue acrylic film occludes the mannequin’s right leg and
the background curtain in the input view. Top: the scene setup; our novel-viewmean depths revealing the leg (upper) and curtain (lower) behind the film; per-ray
volumeweights at themarked pixelswith distinct peaks for the film and the background; our training-viewmeandepth; and the rawC-ToF depths at the four input
frequencies (29, 42, 55, 68MHz). Bottom: TöRF [1] optimized with 29MHz alone recovers only the foreground film and fails to separate the occluded structures.
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A Phasor Fitting ≠Mean Depth Fitting
We consider a simplified single-ray setting. Let 𝜃𝑖 = 𝑘𝑑𝑖 , where
𝑘 = 4𝜋 𝑓 /𝑐 , and let 𝑤𝑖 ≥ 0 be the contribution of sample 𝑖 . The
rendered phasor is

𝑝 =
∑︁
𝑖

𝑤𝑖𝑒
𝑗𝜃𝑖 , (31)

while the rendered mean phase is

𝜃 =

∑
𝑖 𝑤𝑖𝜃𝑖∑
𝑖 𝑤𝑖

. (32)

Let 𝛽𝑖 =𝑤𝑖/
∑
𝑗 𝑤 𝑗 , and write

𝜃𝑖 = 𝜃 + 𝛿𝑖 ,
∑︁
𝑖

𝛽𝑖𝛿𝑖 = 0. (33)

Then ∑︁
𝑖

𝛽𝑖𝑒
𝑗𝜃𝑖 = 𝑒 𝑗𝜃

∑︁
𝑖

𝛽𝑖𝑒
𝑗𝛿𝑖 . (34)

If all contributing samples lie at the same depth, then 𝛿𝑖 = 0 for all
𝑖 , and the accumulated phasor is exactly 𝑒 𝑗𝜃 .

However, for a spread-out distribution, the phase of the accumu-
lated phasor is not necessarily 𝜃 . The mean-depth condition gives∑
𝑖 𝛽𝑖𝛿𝑖 = 0, but the phasor phase depends on

∑
𝑖 𝛽𝑖 sin𝛿𝑖 . Since∑︁

𝑖

𝛽𝑖 sin𝛿𝑖 = −1
6

∑︁
𝑖

𝛽𝑖𝛿
3
𝑖 +𝑂 (𝛿5

𝑖 ), (35)

this term is not guaranteed to vanish. Therefore,

𝑝 = 𝐴𝑡𝑒
𝑗𝜃𝑡 ⇏ 𝜃 = 𝜃𝑡 . (36)

Thus, single-frequency phasor fitting can match the raw C-ToF mea-
surement while still producing an incorrect rendered mean depth.
This motivates optimization biases or regularization that encourages
a sparse, concentrated density distribution along each ray: when the
density collapses near a single depth, phasor fitting becomes better
aligned with mean-depth fitting.

B Derivation of the AmplitudeWeighted L2 Loss
In this section, we derive Equation (22). Let the predicted phasor be

p̂ = (𝑥,𝑦), 𝑟 =
√︁
𝑥2 + 𝑦2, 𝜙 = atan2(𝑦, 𝑥), (37)

and let the captured phasor be

p = (𝑥,𝑦), 𝑟 =
√︁
𝑥2 + 𝑦2, 𝜙 = atan2(𝑦, 𝑥) . (38)

We define
Δ𝑥 = 𝑥 − 𝑥, Δ𝑦 = 𝑦 − 𝑦. (39)

We consider the error in log-polar coordinates:

Δ log 𝑟 = log 𝑟 − log 𝑟, Δ𝜙 = 𝜙 − 𝜙. (40)

First-order expansion of Δ log 𝑟 . Define

𝑔(𝑥,𝑦) = log
√︁
𝑥2 + 𝑦2 . (41)

Using a first-order Taylor expansion of 𝑔(𝑥,𝑦) around the prediction
(𝑥,𝑦),

𝑔(𝑥,𝑦) ≈ 𝑔(𝑥,𝑦) + 𝜕𝑔

𝜕𝑥

���
(𝑥,𝑦̂)

(𝑥 − 𝑥) + 𝜕𝑔

𝜕𝑦

���
(𝑥,𝑦̂)

(𝑦 − 𝑦) . (42)

Rearranging gives

log 𝑟 − log 𝑟 ≈ 𝜕𝑔

𝜕𝑥

���
(𝑥,𝑦̂)

(𝑥 − 𝑥) + 𝜕𝑔

𝜕𝑦

���
(𝑥,𝑦̂)

(𝑦 − 𝑦) . (43)

Since
𝜕𝑔

𝜕𝑥
=

𝑥

𝑥2 + 𝑦2 ,
𝜕𝑔

𝜕𝑦
=

𝑦

𝑥2 + 𝑦2 , (44)

we obtain

Δ log 𝑟 ≈ 𝑥Δ𝑥 + 𝑦Δ𝑦
𝑥2 + 𝑦2 . (45)

First-order expansion of Δ𝜙 . Define

ℎ(𝑥,𝑦) = atan2(𝑦, 𝑥) . (46)

Again using a first-order Taylor expansion ofℎ(𝑥,𝑦) around (𝑥,𝑦),

ℎ(𝑥,𝑦) ≈ ℎ(𝑥,𝑦) + 𝜕ℎ

𝜕𝑥

���
(𝑥,𝑦̂)

(𝑥 − 𝑥) + 𝜕ℎ

𝜕𝑦

���
(𝑥,𝑦̂)

(𝑦 − 𝑦), (47)

which gives

𝜙 − 𝜙 ≈ 𝜕ℎ

𝜕𝑥

���
(𝑥,𝑦̂)

(𝑥 − 𝑥) + 𝜕ℎ

𝜕𝑦

���
(𝑥,𝑦̂)

(𝑦 − 𝑦). (48)

Since
𝜕ℎ

𝜕𝑥
= − 𝑦

𝑥2 + 𝑦2 ,
𝜕ℎ

𝜕𝑦
=

𝑥

𝑥2 + 𝑦2 , (49)

we obtain

Δ𝜙 ≈ −𝑦Δ𝑥 + 𝑥Δ𝑦
𝑥2 + 𝑦2 . (50)

Combining the two terms. Substituting Equation (45) and Equa-
tion (50) gives

(Δ log 𝑟 )2 + (Δ𝜙)2 ≈
(
𝑥Δ𝑥 + 𝑦Δ𝑦

)2

(𝑥2 + 𝑦2)2

+
(
− 𝑦Δ𝑥 + 𝑥Δ𝑦

)2

(𝑥2 + 𝑦2)2 . (51)

Using the identity

(𝑎𝑢 + 𝑏𝑣)2 + (−𝑏𝑢 + 𝑎𝑣)2 = (𝑎2 + 𝑏2) (𝑢2 + 𝑣2), (52)

with
𝑎 = 𝑥, 𝑏 = 𝑦, 𝑢 = Δ𝑥, 𝑣 = Δ𝑦, (53)

we obtain

(Δ log 𝑟 )2 + (Δ𝜙)2 ≈ Δ𝑥2 + Δ𝑦2

𝑥2 + 𝑦2 =
Δ𝑥2 + Δ𝑦2

𝑟 2 . (54)

This is the local approximation used to motivate Equation (23).

C Capture Details
Cameras and Calibration. We capture with a pair of Texas Instru-

ments OPT8241-EVMC-ToF cameras. Per-camera intrinsics are cal-
ibrated on a planar checkerboard. Multi-camera extrinsics are recov-
ered from retroreflective spheres that saturate the raw quads, giving
high-contrast point correspondences across views; we estimate es-
sential and fundamental matrices from these correspondences and
then jointly refine intrinsics and extrinsics by bundle adjustment.
The per-pixel phase offset is calibrated against a planar surface at
known depth, and fixed-pattern noise is estimated as a per-quad
mean over dark frames and subtracted. We calibrate the sensor’s
demodulation contrast 𝜂 (𝑓 ) as a single global scalar per modulation
frequency from a white-wall frequency sweep, expressed relative to
the 40 MHz channel; we do not calibrate higher-order non-idealities

XX, XXX, XXX.
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such as amplitude non-linearity at low frequencies or per-pixel con-
trast variation. For each scene, we record an ambient frame, then the
calibration capture, then the scene.
Datasets. Our captured datasets consist of a single camera and

multi-camera setups. For single camera scenes we perform a fre-
quency sweep, where the camera captures 100 frames at each mod-
ulation frequency from 20 MHz to 80 MHz. For multi-camera scenes

we consider a stereo pair, with both cameras placed a baseline apart
facing the scene.We capture scenes both at close tomedium range for
single camera setups, and at medium to long range for multi-camera
setups where we anticipate additional supervision frommulti-view
constraints to be helpful.

XX, XXX, XXX.
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